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Introduction

� Main issues of noncommutative standard model:
• Still a classical theory
• Still a Riemannian theory

� Lorentzian signature ⇒ indefinite inner product spaces -
Krein spaces - have to be used (See Strohmaier, Paschke, Sitarz,
Rennie, Van den Dungen, etc.))

� What should the axioms be now ?
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Krein Spaces

� “Commutative” Dirac operator:

/D = −iγµ∇S
µ

� Self-adjointness of /D ⇒ sesquilinear form on spinors on
spinors such the γµ are self-adjoint

� Riemannian signature ⇔ definite positive inner product on
spinors (Hilbert space)

� But for non-Riemannian signature ⇒ indefinite inner
product on spinors! Hence the need for Krein space

(γ i )2 = −1⇒ (γ i )†γ i = −1⇒ Impossible!
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� Krein space K:
• (complex) vector space K
• indefinite non-degenerate sesquilinear form (·, ·)
• corresponding quadratic form: q

� Example: complex Minkowski space C1,3.

(u, v) = −u0v0 + u1v1 + u2v2 + u3v3
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� Krein space (continued):
• K = K+ ⊕K−
• q = positive definite on K+

• q = negative definite on K−
• (K+,K−) = 0
• a proper topology on K± (that we do not use)

� Definite positive inner product from decomposition:

〈φ, ψ〉 = (φ+, ψ+)− (φ−, ψ−)

� Example: complex Minkowski space C1,3

K+ = {(0, u1, u2, u3)}
K− = {(u0, 0, 0, 0)}

}
⇒ 〈u, v〉 = u0v0 +u1v1 +u2v2 +u3v3
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� Fundamental symmetry J :
• J = P+ − P− = “grading” for the decomposition
• satisfies: J 2 = 1 and Krein-self-adjoint
• used to parametrize decompositions

� Definite positive inner product:

〈φ, ψ〉J = (φ+, ψ+)− (φ−, ψ−) = (φ,Jψ)

� Example: complex Minkowski space C1,3

K+ = {(0, u1, u2, u3)}
K− = {(u0, 0, 0, 0)}

}
⇒ J =

(
−1 0
0 I3

)
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� T× = adjoint of the operator T :

(φ,T×ψ) = (Tφ, ψ)

� T † = JT×J = 〈·, ·〉J -adjoint of T

〈φ,T †ψ〉J = 〈Tφ, ψ〉J

(depends on J )

� Krein-unitaries: U×U = UU× = 1 = “symmetries”:

(Uφ,Uψ) = (φ, ψ)
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� Two decompositions: K = K+ ⊕K− and K = K′+ ⊕K′− =
isomorphic!

� Isomorphism = preserves the inner product?

� Theorem: For finite-dimensional K, the set of all
fundamental symmetries is:

F = {U×JU|U×U = UU× = 1},

for any fundamental symmetry J

� Krein-unitaries map fundamental symmetries to fundamental
symmetries, and Hilbert space structures to Hilbert space
structures ⇒ No preferred Hilbert space structure
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� Polar decomposition of Krein-unitaries: U = Krein-unitary ⇒
unique polar decomposition: U = F |U|
• F = unitary operator and Krein-unitary
• |U| = (U†JU)1/2 = positive self-adjoint and Krein-unitary
operator

• with respect to some definite positive inner product 〈·, ·〉J
• Now: F = {|U|×J |U|}

� Example: complex Minkowski space C1,3.

� U real matrix ⇒ Lorentz transformation
• F = Unitary part = Rotation
• |U| = Self-adjoint part = Pure boost

� Different decompositions = related by pure boosts!

� Remains true for Lorentz group on spinors!
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� A relevant example: Cl(1, 3) = real algebra generated by:

(γ0)2 = −1
(γ i )2 = +1 for i = 1, 2, 3

γµγν + γνγµ = 0 for µ 6= ν

� Unique inner product (·, ·) on spinors1 such that:
(γµ)× = γµ

� Chirality operator: γ5 = ±iγ0γ1γ2γ3 ⇒ (γ5)× = −γ5

� Charge conjugation operator: Cγµ = −γµC ⇒ C×C = 1

� Later: γ5 = γM and C = JM

1P. L. Robinson (1988), Spinors and canonical hermitian forms, Glasgow Mathematical
Journal, 30, pp 263-270.
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� Allowed fundamental symmetry:

J = ±γ5γ0

(J = iγ0 ⇔ (γµ)× = −γµ)

� With this choice:
(γ0)† = −γ0

(γ i )† = +γ i

Compatible representations: Dirac, Weyl, Majorana.

� Weyl representation:

γ0 = −i
(
0 I2
I2 0

)
, γk = −i

(
0 σk

−σk 0

)
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� Positive inner product:

〈φ, ψ〉J = φ†ψ = canonical scalar product

� Inner product:

(φ, ψ) = φ†Jψ = φψ

� Chirality:
(γ5)× = −γ5,

(γ5)† = +γ5

� Charge conjugation:

C = γ5γ2 × complex conjugation

C†C = 1
C×C = 1

C2 = −1



⇒ Does not depend on the representation!!
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� More generally for Cl(t, s):

� Allowed fundamental symmetry:

J =

{
±i (s−1)/2γt+1...γd for odd t
±i t/2γ1...γt for even t

� (γµ)† = ±(γµ) depending on (γµ)2 = ±1

� Chirality: γ× = (−1)tγ

� Charge conjugation: Cγµ = −γµC

C×C =

{
(−1)(s+1)/2 for odd t
(−1)t/2 for even t
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Indefinite Spectral Triples

� Usual (real even) spectral triple:
• algebra A
• Hilbert space H
• involutive representation of A on H
• self-adjoint Dirac operator D s.t. D† = D
• real structure J s.t. J†J = 1, JD = DJ and J2 = ε

• chirality γ s.t. γ† = γ, γ2 = 1 and Jγ = ε′′γJ

KO 0 2 4 6
ε 1 -1 -1 1
ε′′ 1 -1 1 -1
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� Indefinite (real even) spectral triple: (see Strohmaier,
etc.+real structure)
• algebra A
• Krein space K
• involutive representation of A on K: π(a∗) = π(a)×

• self-adjoint Dirac operator D s.t. D× = D
• real structure J s.t. JD = DJ and J2 = ε

• chirality γ s.t. γ2 = 1 and Jγ = ε′′γJ

� In analogy with Clifford algebras: γ× = ±γ, J×J = ±1

� KO dimension not sufficient to determine the signs!!

� Total spectral triple ⇒ all signs can be determined!
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� Fermionic action:
S = (ψ,Dψ).

With ψ = anti-commuting variable
� Barrett’s conditions2:

Jψ = ηψ ⇒ phase absorption⇒ Jψ = ψ,

γψ = ±ψ ⇒ convention⇒ γψ = ψ

� Consequences:
• KO dimension necessarily 0

J2ψ = ψ ⇒ J2 = 1
γJψ = Jγψ ⇒ γJ = Jγ

• action nontrivial implies:

γ× = −γ
J×J = −1

2J. Barrett, Lorentzian version of the noncommutative geometry of the standard model of
particle physics , J. Math. Phys. 48, 012303 (2007)
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� Assume J×J = κ:

S = (ψ,Dψ)

= (Jψ,DJψ)

= (Jψ, JDψ)

= −κ(Dψ,ψ)

S = −κ(ψ,Dψ) = −κS

� S 6= 0 implies κ = −1

� Same computation for γ but γD = −Dγ

18 / 38
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� Convenient choices for the fundamental symmetry:

J†J = 1⇒ JJ = −J J

γ† = γ ⇒ γJ = −J γ

π(a∗) = π(a)† ⇒ [J ,A] = 0

� We recover the usual axioms for J found in the literature!
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Tensor products of spectral triples
� Graded tensor product = built in analogy to Clifford algebras

� Grading:
• K = K0 ⊕K1, with grading given by γ
• Algebra A = even
• Dirac operator D = odd
• Grading of J: (−1)|J| = ε′′

• Chirality = trivially even
• Convenient J : γ† = γ ⇒ γ× = (−1)|J |γ

� Initial data: two indefinite spectral triples (A1,K1,D1, γ1, J1)
and (A2,K2,D2, γ2, J2)

� Tensor product (A,K,D, γ, J) = ?
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� Algebra: A = A1⊗̂A2

� Krein space: K = K1⊗̂K2, with grading:

K0 ∼= K0
1 ⊗K0

2 ⊕K1
1 ⊗K1

2

K1 ∼= K0
1 ⊗K1

2 ⊕K1
1 ⊗K0

2

� Corresponding grading operator: γ = γ1⊗̂γ2

� Dirac operator: D = D1⊗̂1 + 1⊗̂D2

� Real structure: J = J1γ
|J2|
1 ⊗̂J2γ

|J1|
2

� Result =KO dimension is additive !!

� Inner product on K ?
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� Corresponding grading operator: γ = γ1⊗̂γ2

� Dirac operator: D = D1⊗̂1 + 1⊗̂D2

� Real structure: J = J1γ
|J2|
1 ⊗̂J2γ

|J1|
2

� Result =KO dimension is additive !!

� Inner product on K ?
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� Inner product on K ⇒ such that D is self-adjoint !!

� Solution:

(φ1⊗̂φ2, ψ1⊗̂ψ2) = σ(φ1, ψ1)1(φ2, ψ2)2

with:

σ =


1 if γ×1 = γ1

(−1)|ψ2| if γ×1 = −γ1 and γ×2 = γ2

i(−1)|ψ2| if γ×1 = −γ1 and γ×2 = −γ2

� Added bonus!

(T1⊗̂T2)× = (−1)|T1||T2|T×1 ⊗̂T
×
2

� Fundamental symmetry:

J = i |J1||J2|γ|J2|1 J1⊗̂γ|J1|2 J2
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� Non-graded representation of graded products (easier to
handle):

(T1⊗̂T2)(ψ1⊗̂ψ2) = (−1)|T2||ψ1|T1ψ1⊗̂T2ψ2

(S1⊗̂S2)(T1⊗̂T2) = (−1)|S2||T1|S1T1⊗̂S2T2

⇓

T1⊗̂T2 = T1γ
|T2|
1 ⊗ T2

� For triples:
• K = K1 ⊗K2

• A = A1 ⊗ A2

• D = D1 ⊗ 1 + γ1 ⊗ D2

• J = J1 ⊗ γ|J1|2 J2 (as expected3)
• γ = γ1 ⊗ γ2

• Inner product ?
3F. J. Vanhecke, On the Product of Real Spectral Triples, Lett. Math. Phys. 50, 157-162
(1999)
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� Inner product:

(φ1⊗̂φ2, ψ1⊗̂ψ2) = (φ1, ψ1)1 (φ2, βψ2)2︸ ︷︷ ︸
(φ2,ψ2)2,β

with:

β =


1 if γ×1 = γ1

γ2 if γ×1 = −γ1 and γ×2 = γ2

iγ2 if γ×1 = −γ1 and γ×2 = −γ2

We have β× = β.

� Fundamental symmetry:

J = (−i)|J1||J2|J1⊗̂γ|J1|2 J2
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A Lorentzian spectral triple: the
standard model

� Spectral triple as the product of two triples:
• manifold part: commutative spectral triple ⇒
KO-dimension = s − t

• gauge part: Finite spectral triple ⇒ KO-dimension = 6

� Tensor product of spectral triples: KO-dimension is additive

s − t + 6 ≡ 0[8]

s + t = 4

� Solution: (t, s) = (1, 3) ⇒ Signature (−+ ++).
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� Commutative spectral triple: Manifold of signature
(−+ ++)

• algebra: C∞(M)

• Krein space: KM = completion of Γ(S)

• indefinite inner product (·, ·)M ⇒ yet to be determined...
• Dirac operator: /D = −iγµ∇S

µ

• chirality: γM = γ5 (locally), obeys: γ×M = −γM

• real structure: JM = C (locally)
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� Finite spectral triple: almost as usual
• algebra: AF = C⊕H⊕M3(C)

• Krein space: KF ∼= C96(∼= HF )

• Particle content:

KF = KR ⊕KL ⊕KR ⊕KL

KR = Span(νR , eR , ur
R , u

g
R , u

b
R , d

r
R , d

g
R , d

b
R)⊗ C3

• indefinite inner product (·, ·)F ⇒ of the form:

(u, v)F = u†Hv

H = self-adjoint ⇒ yet to be determined...
• Dirac operator: DF ⇒ yet to be determined...
• chirality: γF

• real structure: JF
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� Total spectral triple:
• algebra: A = C∞(M)⊗ AF

• Krein space: K = KM ⊗KF

• indefinite inner product
(φM ⊗ φF , ψM ⊗ ψF ) = (φM , ψM)M(φF , ψF )Fβ

• Dirac operator: D = /D ⊗ 1 + γM ⊗ DF

• chirality: γ = γM ⊗ γF

• real structure: J = JM ⊗ γF JF
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� Hypothesis: H = 1 (Riemannian finite part)

� Then γ×F = γF ⇒ β = γF

� Kinetic terms in fermionic action:

SKin = (ψ, ( /D ⊗ 1)ψ) ⊃ (ψL, /DψL)− (ψR , /DψR)

Absurd!

� Simplest working choice:

H =


−1

1
−1

1


R

L

R

L
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� With this choice: γ×F = γF ⇒ β = γF

� Works as if the product on the finite part were4 :

(u, v)Fβ = u†


1

1
−1

−1

 v

� We have J×J = −1 and γ× = −γ ⇒ nontrivial spectral
triple!!!

4Koen Van den Dungen, Krein spectral triples and the fermionic action, Math. Phys. Anal.
Geom. 19 (2016)
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� Form of the finite Dirac operator:

JFDF = DF JF

γFDF = −DFγF

D×F = DF

⇒ DF =


0 −iX † Y 0
−iX 0 0 Z
Y 0 0 iXT

0 Z iX 0


With Y ,Z symmetric
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� Order 0,1 & 2 conditions5 to restrict DF :

[ao , b] = 0
[ao , [D, b]] = 0

{[D, a]o , [D, b]} ⊂ J2

(Ao = JA×J−1)
� Allowed solution:

X =


Yν 0 0 0
0 Ye 0 0
0 0 Yu ⊗ I3 0
0 0 0 Yd ⊗ I3



Y =


a 0 · · · 0
0
... (0)
0

 ,Z = 0.

(1)

5Latham Boyle, Shane Farnsworth, Non-Commutative Geometry, Non-Associative Geome-
try and the Standard Model of Particle Physics, New J. Phys. 16, 123027 (2014); CB,
NB, FB, The Standard Model as an extension of the noncommutative algebra of forms,
arXiv:1504.03890 (2015)
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� Fluctuated Dirac operator:

D = /D ⊗ 1 + γµ ⊗ Bµ + γM ⊗ Φ,

� Bµ = usual gauge fields

� Higgs part:

Φ =


0 −iY (H)† Y 0

−iY (H) 0 0 0
Y 0 0 iY (H)T

0 0 iY (H) 0


With H = (α, β)T = Higgs doublet, and:

Y (H) =


Yνα −Yeβ 0 0
Yνβ Yeα 0 0
0 0 Yuα⊗ I3 −Ydβ ⊗ I3
0 0 Yuβ ⊗ I3 Ydα⊗ I3


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� Generic vector in K:

ψ =


ψR
iψL
ψR
iψL


� Barrett’s conditions give us:

ψR = JMψR

ψL = JMψL

� Particle and anti-particle “spinors”:

ψP = ψR + ψL

ψP = ψR + ψL

Related by ψP = JMψP
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� Fermionic action: S = SKin + SB + SΦ

� Kinetic term:

SKin = (ψ, ( /D ⊗ 1)ψ)

= (ψP , /DψP)− (ψP , /DψP)

= (ψP , /DψP)− (JMψP , JM /DψP)

= (ψP , /DψP) + (ψP , /DψP)

= 2(ψP , /DψP) = expected result

We used J×MJM = 1.
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� Gauge term:

SB = (ψ, (γµ⊗Bµ)ψ) = 2(ψP , (γ
µ⊗Bµ|P)ψP) = expected result

where Bµ|P = restriction to particle space

� Mass term:

SΦ =a(ψνR , JMψνR ) + a(JMψνR , ψνR )

+ 2(ψL,Y (H)ψR) + 2(ψR ,Y (H)†ψL),

(a can be chosen real).

� The fermionic action matches the standard model !!
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A perspective on the Bosonic action

� Spectral action:

S = Trf (
D2

Λ2 )

� Invariant by unitaries of H: D 7→ UDU†

� Invariance as a basis for defining the action?

� Bosonic action = most general functional S [D] invariant
under D 7→ UDU×

� With U = Krein-unitary

� Work in progress
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Conclusion

� Axioms for indefinite spectral triples

� Krein spaces are necessary

� The standard model can be recovered! Almost...

� Bosonic action ⇒ Through symmetries ?
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