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Introduction

Introduction

OJ Main issues of noncommutative standard model:
e Still a classical theory

e Still a Riemannian theory

O Lorentzian signature = indefinite inner product spaces -
Krein spaces - have to be used (See Strohmaier, Paschke, Sitarz,
Rennie, Van den Dungen, etc.))

0 What should the axioms be now ?
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Krein Spaces

Krein Spaces
O “Commutative” Dirac operator:
p=-in"v;

O Self-adjointness of [} = sesquilinear form on spinors on
spinors such the v* are self-adjoint

0 Riemannian signature < definite positive inner product on
spinors (Hilbert space)

OJ But for non-Riemannian signature = indefinite inner
product on spinors! Hence the need for Krein space

(v)? = -1= ()14 = —1 = Impossible!
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e (complex) vector space K
Krein Spaces

e indefinite non-degenerate sesquilinear form (-, -)

e corresponding quadratic form: g

00 Example: complex Minkowski space C1-3.

(u,v) = =00 + v + u2v? + u3v?
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O Krein space (continued):
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tative ° IC — IC+ @ Icf
Standard . ..

IodEl e g = positive definite on K
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e g = negative definite on K_
(IC+, ]C_) - 0
a proper topology on Kt (that we do not use)

Krein Spaces

O Definite positive inner product from decomposition:

<¢J/’> = (¢+ﬂ/f+) - (¢7>¢7)
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e g = negative definite on K_
(IC+, ]C_) - 0
a proper topology on Kt (that we do not use)

Krein Spaces

O Definite positive inner product from decomposition:

<¢J/’> = (¢+ﬂ/f+) - (¢7>¢7)

0O Example: complex Minkowski space C13

Ke ={(0,u", v?, %)}

K= {(0.0,0) } = (,v) = OV Ul i
= u’ .0,
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Nencommu- [] Fundamental symmetry J:
) e J =P, — P_ ="grading" for the decomposition
Nadir Bizi e satisfies: 72 = 1 and Krein-self-adjoint

e used to parametrize decompositions

Krein Spaces

O Definite positive inner product:

(0, 9)7 = (0+,94) = (9, 9-) = (&, TY)
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Nencommu- [] Fundamental symmetry J:
) e J =P, — P_ ="grading" for the decomposition
Nadir Bizi e satisfies: 72 = 1 and Krein-self-adjoint

e used to parametrize decompositions

Krein Spaces

O Definite positive inner product:

(0, 9)7 = (0+,94) = (9, 9-) = (&, TY)

00 Example: complex Minkowski space C'3

Ky = {(07 u17 U2, U3)} (-1 0
K = {(«,0,0,0)} } =J= < 0 /3)
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O T* = adjoint of the operator T:

(¢, T*9) = (To,9)
OTH=JT*J = (,) s-adjoint of T

(6, T g = (To,0)g
(depends on 7)

O Krein-unitaries: U*U = UU* =1 = “symmetries"

(Ug, Uy) = (6,7)
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Model isomorphic!
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O Isomorphism = preserves the inner product?
Krein Spaces
O Theorem: For finite-dimensional C, the set of all
fundamental symmetries is:
F={U*JUIU*U = UU* =1},

for any fundamental symmetry J

9/38



The
Lorentzian
Noncommu-
tative
Standard
Model

Nadir Bizi

Krein Spaces

O Two decompositions: K = K4 @ K_ and K = K/, & K.
isomorphic!

O Isomorphism = preserves the inner product?

O Theorem: For finite-dimensional C, the set of all
fundamental symmetries is:

F={U*JU|U*U = UU* =1},

for any fundamental symmetry J

O Krein-unitaries map fundamental symmetries to fundamental

symmetries, and Hilbert space structures to Hilbert space
structures = No preferred Hilbert space structure

9/38



The [ Polar decomposition of Krein-unitaries: U = Krein-unitary =

Noneor=2® —unique polar decomposition: U = F|U)|

Standard e F = unitary operator and Krein-unitary

N::Zd:izi o |U| = (U7 U)Y/2 = positive self-adjoint and Krein-unitary
operator

e with respect to some definite positive inner product (-,-) 7
e Now: F = {|U[*T|U|}

Krein Spaces
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The [ Polar decomposition of Krein-unitaries: U = Krein-unitary =

Noneor=2® —unique polar decomposition: U = F|U)|

Standard e F = unitary operator and Krein-unitary

N:zd:iz; o |U| = (U7 U)Y/2 = positive self-adjoint and Krein-unitary
operator

e with respect to some definite positive inner product (-,-) 7
Krein Spaces
’ o Now: F = {|U*JIU}}

O Example: complex Minkowski space C13.

O U real matrix = Lorentz transformation
e f = Unitary part = Rotation
e |U| = Self-adjoint part = Pure boost

[ Different decompositions = related by pure boosts!
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The [ Polar decomposition of Krein-unitaries: U = Krein-unitary =
[orentzian unique polar decomposition: U = F|U|

Noncommu-
Standard e F = unitary operator and Krein-unitary
Model
Nadir Bis o |U| = (U7 U)Y/2 = positive self-adjoint and Krein-unitary
operator

e with respect to some definite positive inner product (-,-) 7
Krein Spaces
’ o Now: F = {|U*JIU}}

O Example: complex Minkowski space C13.

O U real matrix = Lorentz transformation
e f = Unitary part = Rotation
e |U| = Self-adjoint part = Pure boost

[ Different decompositions = related by pure boosts!

(J Remains true for Lorentz group on spinors!
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O A relevant example: CI(1,3) = real algebra generated by:

(%) = -1
(v')? = +1fori=1,2,3
YY" + 4"y =0 for p # v

O Unique inner product (-, -) on spinors® such that:

() =

O Chirality operator: 7% = +£i7%919273 = (1%)% = —95
O Charge conjugation operator: Cy* = —y"C = C*C =1

O Later: v° = vy and C = Jy

p L. Robinson (1988), Spinors and canonical hermitian forms, Glasgow Mathematical
Journal, 30, pp 263-270.
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Krein Spaces (\.7 — 1’70 =4 (’)/H‘)>< = —’yu)
O With this choice: . .
() =—
(V) =+

Compatible representations: Dirac, Weyl, Majorana.

0 Weyl representation:
(0 I (0 ok
o_ 2 k_ _
Y= / </2 0) ) Y ! <_O.k O>
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The [0 Positive inner product:

Lorentzian

Noncommu-

e (¢,9) 7 = ¢T9p = canonical scalar product
Model

Nadir Bizi O Inner product:

(¢, 0) = ¢' T = ¢y

Krein Spaces

O Chirality:

(V) =+°
0 Charge conjugation:

C= 7572 x complex conjugation

cic=1
c*C=1
c?=-1
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The [0 Positive inner product:

Lorentzian
Noncommu-

e (¢,9) 7 = ¢T9p = canonical scalar product
Model
Nadir Bizi O Inner product:

(6, 0) = ¢! TV = ¢y

Krein Spaces

O Chirality:

(V) =+°
0 Charge conjugation:

C= 7572 x complex conjugation

cic=1
c*C=1 = Does not depend on the representation!!
Cc?=-1
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tative
Standard
Model
O Allowed fundamental symmetry:
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Krein Spaces

_ +i(s=1D/24t+1 44 for odd t
I B, for even t

O (v*)' = £(y*) depending on (7#)? = +1
O Chirality: v* = (—1)%y
O Charge conjugation: Cy* = —y*C

o*C — (—1)+t1/2 for odd t
| (~1)? for even t
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Indefinite Spectral Triples

O Usual (real even) spectral triple:
e algebra A
Hilbert space H
involutive representation of A on H

self-adjoint Dirac operator D s.t. Dt = D
real structure Js.t. JTJ=1,JD =DJand J2=¢
chirality y s.t. vf =~,92 =1 and Jy = ¢’J

KO | 2 4
€ 1 -1 -1 1
e’ 1 -1 1 -1
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O Indefinite (real even) spectral triple: (see Strohmaier,
etc.+real structure)

algebra A

Krein space K

involutive representation of A on K: 7(a*) = m(a)*
self-adjoint Dirac operator D s.t. D* =D

real structure Js.t. JD = DJ and J?> = ¢

chirality vy s.t. ¥2 =1 and Jy = ¢’vJ

O In analogy with Clifford algebras: v* = +~, J*J = +1

0 KO dimension not sufficient to determine the signs!!
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O Indefinite (real even) spectral triple: (see Strohmaier,

etc.+real structure)

algebra A

Krein space K

involutive representation of A on K: 7(a*) = m(a)*
self-adjoint Dirac operator D s.t. D* =D

real structure Js.t. JD = DJ and J?> = ¢

chirality vy s.t. ¥2 =1 and Jy = ¢’vJ

O In analogy with Clifford algebras: v* = +~, J*J = +1

0 KO dimension not sufficient to determine the signs!!

O Total spectral triple = all signs can be determined!
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The O Fermionic action:

s S = (4, D).
St:ﬂ:égid With ¢ = anti-commuting variable
Nadir Bis O Barrett's conditions?:
Jy = mp = phase absorption = Jiy = 1,
Yy = £ = convention = Y =Y
g;{%gﬁe [J Consequences:

e KO dimension necessarily 0
Pyp=vp=,=1
VI = Jdvp =y = Jy

2J. Barrett, Lorentzian version of the noncommutative geometry of the standard model of
particle physics , J. Math. Phys. 48, 012303 (2007)
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O Fermionic action:
S = (v, Dv).

With ¢ = anti-commuting variable
O Barrett's conditions?:

Jy = mp = phase absorption = Jiy = 1,
1) = 1) = convention = Y1) = 1)
[0 Consequences:
e KO dimension necessarily 0
Pyp=yp=r=1
vy = Jdyp = v = Jy

e action nontrivial implies:

X

7=y
J =1

2 . . .
J. Barrett, Lorentzian version of the noncommutative geometry of the standard model of

particle physics , J. Math. Phys. 48, 012303 (2007)
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O Assume J*J = k:
S = (¢, Dy)
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O Assume J*J = k:

5 = (¢, DY)
= (J¢, DJY)
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O Assume J*J = k:
S

(v, D)
(Jv, DJy)
(J¥, DY)
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O Assume J*J = k:
S —

(v, D)
(Jv, DJy)

= (J¥, DY)

—K(Dy, 1)
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O Assume J*J = k:

S = (1, D)
= (Jib, DJ)
= (J1, D)
= —r(Dy,¢)

S = —k(), Dy) = —kS

0S #0 implies Kk = —1
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O Assume J*J = k:

= (v, DY)
= (Jy, DJy)
= (J¥, DY)

= —r(DY,Y)

= —r(¢, DY) = —KS

O S #0 implies k = —1

(J Same computation for v but yD = —D~y

18/38



The
Lorentzian
Noncommu-
tative
Standard
Model

Nadir Bizi

Indefinite
Spectral
Triples

O Convenient choices for the fundamental symmetry:

Ni=1=J7=-7J
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O Convenient choices for the fundamental symmetry:

SNi=1=J7

Y =y=1T

-JJ

~J7
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O Convenient choices for the fundamental symmetry:

Ni=1=J7=-7J

W =v=1T=-T7
m(a*) = n(a)l = [J,A] =0

O We recover the usual axioms for 7 found in the literature!
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Tensor products of spectral triples

[ Graded tensor product = built in analogy to Clifford algebras

0 Grading:

K = K% @ K*, with grading given by ~
Algebra A = even

Dirac operator D = odd

Grading of J: (—1)MI = ¢"

Chirality = trivially even

Convenient J: AT =y = 4% = (=1)71y
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Tensor products of spectral triples
[ Graded tensor product = built in analogy to Clifford algebras
0 Grading:

K = K% @ K*, with grading given by ~
Algebra A = even

Dirac operator D = odd
Grading of J: (—1)MI = ¢”

Chirality = trivially even

Convenient J: AT =y = 4% = (=1)71y

O Initial data: two indefinite spectral triples (A1, K1, D1,71, J1)
and (A2, K2, D2, 72, Jo)

O Tensor product (A, K,D,~,J) =7
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O Algebra: A= A1®A>

O Krein space: K = K1®K,, with grading:

Ko~ K9 @ K3 & K1 @ K3
K~ K@ K; e K © K3

O Corresponding grading operator: v = y1&72

O Dirac operator: D = D;®1 + 18D,

O Real structure: J = J1V|1J2|®J27‘2J1‘

O Result =KO dimension is additive !l
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O Algebra: A= A1®A>

O Krein space: K = K1®K,, with grading:

Ko~ K9 @ K3 & K1 @ K3
K~ K@ K; e K © K3
O Corresponding grading operator: v = y1&72
O Dirac operator: D = D;®1 + 18D,
O Real structure: J = J1V|1J2|®J27‘2J1‘

O Result =KO dimension is additive !l

O Inner product on K ?
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O Inner product on K = such that D is self-adjoint !!

O Solution:
(01862, P1&92) = o (d1,91)1(¢2,12)2
with:

1 if v =m
o =q (=12l if 47 = —y1 and 75" =72
i(=1)l2l i v = —41 and ) = —y2

O Added bonus!
(&) = (-1 IRITF O T
O Fundamental symmetry:

J = "|‘71||‘72‘7:‘f72|u71®7‘2‘71|\72
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O Non-graded representation of graded products (easier to

handle):

(Ti&To) (1 &e2) = (—1) T2 Ty & Ty
(S5185)(T1&Tr) = (-1)*IMIg 1185, T,
\
Ti®T, = Tl’Y‘szl ® Ty
O For triples:
e K=K1®K;
e A=A ® A

e D=D;1®1+v®D;
e J=/® 7|2J1|J2 (as expected?)

* V=17
e Inner product ?

3F. J. Vanhecke, On the Product of Real Spectral Triples, Lett. Math. Phys. 50, 157-162

(1999)
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O Inner product:

(01802, P1&102) = (d1,91)1 (¢2, Be2)2
———

(¢2,2)2,8
with:
1 ify=m
B=q7 ifyy =-7y1andy =
iv2 ify = —y1and vy = -7
We have 8* = §.

OJ Fundamental symmetry:

J = (_i)\J1|\J2|j1®,y|2~71|jz
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A Lorentzian spectral triple: the
standard model

[ Spectral triple as the product of two triples:

e manifold part: commutative spectral triple =
KO-dimension = s — t
e gauge part: Finite spectral triple = KO-dimension = 6

(J Tensor product of spectral triples: KO-dimension is additive

s—t+6=0[8
s+t=4

O Solution: (t,s) = (1,3) = Signature (— + ++).
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0 Commutative spectral triple: Manifold of signature
(—+++)

algebra: C*°(M)
Krein space: Ky = completion of I'(S)

indefinite inner product (-,-)py = yet to be determined...

Dirac operator: [} = —ify“Vﬁ

chirality: vy = ~° (locally), obeys: 5 = —ym
real structure: Jy = C (locally)
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O Finite spectral triple: almost as usual
e algebra: Ar =Cae Ha M3(C)
e Krein space: Kr =2 C%(= Hf)
e Particle content:
Ke :/CR@/CL@ICﬁ@/CZ

b b 3
ICR = Span(VRa €R, u,r?’ uéa Ug, dlli’a d[ga dR) ®C
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O Finite spectral triple: almost as usual

algebra: Ap = Cao H e M3(C)
Krein space: K =2 C%(= Hf)

Particle content:

/CF:/CR@/CL@ICﬁ@/CZ

ICR = Span(VRa €R, u,r?’ uéa ull%a dlli’a d[ga d,‘g) & (C3
indefinite inner product (-, ) = of the form:
(u,v)F = u'Hv

H = self-adjoint = yet to be determined...
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O Finite spectral triple: almost as usual

algebra: Ap = Cao H e M3(C)
Krein space: K =2 C%(= Hf)
Particle content:

Ke :/CR@/CL@ICﬁ@/CZ

ICR = Span(VRa €R, u,r?’ uéa ull%a d[;, d[ga d,‘g) & (C3
indefinite inner product (-, ) = of the form:
(u,v)F = u'Hv

H = self-adjoint = yet to be determined...
Dirac operator: D = yet to be determined...
chirality: v¢

real structure: Jg

27/38
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(] Total spectral triple:

algebra: A=C>(M)® Ar

Krein space: K =Ky @ Kr

indefinite inner product

(dm @ 0, Ym @ VE) = (Om, Ym)M(PF, YF)Fp
Dirac operator: D =D ® 1 + vy ® Dg
chirality: v = vy ® v¢

real structure: J = Jy ® yrJF
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O Hypothesis: H = 1 (Riemannian finite part)

O Then vf =vF = B =1F

O Kinetic terms in fermionic action:

Skin = (1, (P ® 1)) D (¢, Ppr) — (vr, PYR)

Absurd!

O Simplest working choice:

~ X ~ X
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O With this choice: vf =~vF = 8 =F

0 Works as if the product on the finite part were* :

O We have J*J = —1 and v* = —v = nontrivial spectral
triplel!!

4Koen Van den Dungen, Krein spectral triples and the fermionic action, Math. Phys. Anal.
Geom. 19 (2016)
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[0 Form of the finite Dirac operator:

JeDF = DeJr
YrDrF = —Drvr
DX = Df

With Y, Z symmetric

= DF =

31/38



O Order 0,1 & 2 conditions® to restrict Df:

The
Lorentzian
e [a°,b] =0
it [a°,[D, b]] =0
Nadir Bizi {[D, a]O’ [D, b]} c J?
(A° = JAXJ-1)
O Allowed solution:
Y, O 0 0
o v. o 0
X = 0 0 Y,®Hk 0
0 O 0 Yo ® k3
;—tgendard a O P 0 (1)
Model
0
y=| Z=0
: (0)
0

5Latham Boyle, Shane Farnsworth, Non-Commutative Geometry, Non-Associative Geome-
try and the Standard Model of Particle Physics, New J. Phys. 16, 123027 (2014); CB,
NB, FB, The Standard Model as an extension of the noncommutative algebra of forms,
arXiv:1504.03890 (2015)
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O Fluctuated Dirac operator:
D=D@1++"®B,+vm®@P,

0O B, = usual gauge fields

(] Higgs part:
0 —iY(H)I Y 0
®— —iY(H) 0 0 0
- Y 0 0 iY(H)T
0 0 iY(H) 0
With H = (a, 8) T = Higgs doublet, and:
Yoa =Y 0 0
Y. 8 Yea 0 0

Y(H) =1 0 VYa®h -Y80hk

0 0 YL[3<23/3 Yja®
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O Generic vector in £:

YR
N
it
[0 Barrett's conditions give us:
Yg = ImYr
v = JIuL
[ Particle and anti-particle “spinors’:
Yp =R+ YL
Vp =Yg+

Related by 15 = Juyp
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O Kinetic term:

Skin =

The
Standard
Model

We used JgyJu = 1.

S = Skin + S + So

(¥, (P& 1))

(vp, DYp) — (Vp, Dip)

(Vp, Dpp) — (Jmtop, ImDipp)
(Vp, Dp) + (vp, DYp)

2(p, Drpp) = expected result

35/38



The
Lorentzian

Noncommu-

tative
Standard
Model

Nadir Bizi

The
Standard
Model

[J Gauge term:

Sg = (¥, (VH@Bu)Y) = 2(¢p, (Y*®Bu|p)p) = expected result

where B, |p = restriction to particle space

O Mass term:

S(b :a(qu, JM¢I/R) + a(JM¢VR5 /lzz)l/R)
+2(¢1, Y(H)¥R) + 2(vr, Y(H)41),

(a can be chosen real).
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[J Gauge term:

Sg = (¥, (VH@Bu)Y) = 2(¢p, (Y*®Bu|p)p) = expected result

where B, |p = restriction to particle space

O Mass term:

S(b :a(qua JM¢1/R) + a(JM¢VRa Q;Z)VR)
+2(¢1, Y(H)¥R) + 2(vr, Y(H)41),

(a can be chosen real).

O The fermionic action matches the standard model !l

36/38



The
Lorentzian

Noncommu-

tative
Standard
Model

Nadir Bizi

Bosonic
action

A perspective on the Bosonic action

J Spectral action:
D2

S = Trf(5)

O Invariant by unitaries of H: D — UDUT

O Invariance as a basis for defining the action?
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A perspective on the Bosonic action

J Spectral action:
D2

S = Trf(5)

O Invariant by unitaries of H: D — UDUT
O Invariance as a basis for defining the action?

O Bosonic action = most general functional S[D] invariant
under D — UDU*

O With U = Krein-unitary

0 Work in progress
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Conclusion

[0 Axioms for indefinite spectral triples
(] Krein spaces are necessary
[0 The standard model can be recovered! Almost...

(0 Bosonic action = Through symmetries ?
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