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Motivations

@ Discovery of Higgs particle in 2012.
=> need for a mathematical validation of the Higgs sector in the SM.
) No clue from “traditional” schemes and tools.

e NCG: Higgs field is part of a “generalized connection”.

Dubois-Violette, M., Kerner, R., and Madore, J. (1990). Noncommutative Differential Geometry and
New Models of Gauge Theory. 7 Math. Phys. 31, p. 323

Connes, A. and Lott, J. (1991). Particle models and noncommutative geometry. Nucl. Phys. B Proc.
Suppl. 18.2, pp. 29-47

) Models in NCG can reproduce the Standard Model
up to the excitement connected to the diphoton resonance at 750 GeV “seen” by ATLAS and CMS!

) Mathematical structures difficult to master by particle physicists.

e Transitive Lie algebroids:
=> generalized connections, gauge symmetries, Yang-Mills-Higgs models...
=>» Direct filiation from Dubois-Violette, Kerner, and Madore (1990).

) Mathematics close to “usual” mathematics of Yang-Mills theories.

L3 No realistic theory yet.
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How to construct a gauge field theory?

The basic ingredients are:

@ A space of local symmetries (space-time dependence):
=» a gauge group.

@ An implementation of the symmetry on matter fields:
=> a representation theory.

© A notion of derivation:
=>» some differential structures.

© A (gauge compatible) replacement of ordinary derivations:
=> a covariant derivative.

@ A way to write a gauge invariant Lagrangian density:
=> action functional.

At least three mathematical schemes to construct gauge field theories:
e Ordinary differential geometry of principal fiber bundles.
@ Noncommutative geometry.

o Transitive Lie algebroids (to be explained in this talk).
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Ordinary differential geometry

Given a G-principal fiber bundle P over M, the ingredients are

gauge group: G(P) is the group of vertical automorphisms of P.

representation theory: sections of associated vector bundles.
=> Natural action of G(P).

differential structures: (ordinary) de Rham differential calculus.

covariant derivative: connection 1-form w on P.
=>» covariant derivative on sections of any associated vector bundles.

action functional: integration on the base manifold M, Killing form on the Lie
algebra g of G, Hodge star operator, curvature of w.
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Noncommutative geometry

Given an associative algebra A, the ingredients are

representation theory: a right module M over A.
gauge group: Aut(M), the group of automorphisms of the right module.

differential structures: any differential calculus defined on top of A.
=>» many choices: spectral triples, derivations, twisted derivations...
covariant derivatives: noncommutative connections on M,
(need a differential calculus).
action functional: depends on the differential calculus.
@ spectral triples: spectral action...
@ derivation-based differential calculus: noncommutative integration, Hodge
star operator, curvature of the connection...
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Qutline

@ Lie algebroids and their representations

© Differential structures

© Connections and covariant derivatives

© The gauge group

© Structures to construct an action functional

O Gauge theories

Lazzarini, S. and Masson, T. (2012). Connections on Lie algebroids and on derivation-based
non-commutative geometry. J. Geom. Phys. 62, pp. 387-402

Fournel, C., Lazzarini, S., and Masson, T. (2013). Formulation of gauge theories on transitive Lie
algebroids. J. Geom. Phys. 64, pp. 174-191
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Lie algebroids and their representations

Lie algebroids and their representations

© Lie algebroids and their representations



Generalized connections and Higgs fields on Lie algebroids, Nijmegen, April 5, 2016 Thierry Masson, CPT-Luminy
Lie algebroids and their representations

Generalities on Lie algebroids

M a smooth manifold, T'(TM) the Lie algebra and C*(M)-module of vector fields.

Definition in terms of algebras and modules (as in NCG).

Definition (Lie algebroids)

A Lie algebroid A is a finite projective module over C*(M) equipped with a Lie
bracket [-, —] and a C*(M)-linear Lie morphism p : A — I'(TM) such that

(X, D] = FIX.9] + (p(X)-1)D
for any X,9) € Aand f € C*°(M).

p is the anchor of A.

The usual definition uses the vector bundle A such that A = T'(A).
A is viewed as a generalization of the tangent bundle.
=> We will never use this point of view.

Natural notion of morphisms of Lie algebroids...
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Lie algebroids and their representations

Transitive Lie algebroids

A Lie algebroid A 4 I'(TM) is transitive if p is surjective.

Proposition (The kernel of a transitive Lie algebroid)

Let A be a transitive Lie algebroid.

o L = Ker p is a Lie algebroid with null anchor on M.
=> L is called the kernel of A.

o The vector bundle L such that L = T'(L) is a locally trivial bundle in Lie algebras.
=> This gives the Lie structure on L.

One has the short exact sequence of Lie algebras and C*° (M )-modules

I P

0 L A [(TM)—0

This short exact sequence is the key structure of what follows...

Very trivial example: A =T'(TM) =>» L =0.
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Lie algebroids and their representations

Example 1: Derivations of a vector bundle

£ avector bundle over M.
Diff' (£) the space of first order differential operators on &.

Symbol map:
o : Diff' (£) = Homew gy (T*M, End(€)) = I(TM ® End(€)) > I'(TM)

D(&) = o H(I(TM))
is the transitive Lie algebroid of derivations of &:
0 A(E)——=D(&)—Z=T(TM)—=0
with A(€) = I'(End(€)) (0™-order diff. op.).

A(€) is an associative algebra (Lie structure is the commutator).

10
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Lie algebroids and their representations

Representation of a Lie algebroid

AL I'(TM) a Lie algebroid and & — M a vector bundle.

Definition (Representation of a Lie algebroid)

A representation of A on € is a morphism of Lie algebroids ¢ : A — D(€).

When A is transitive, one has the commutative diagram of exact rows:
L P

0 L A (TM) —=0
oo H
0 A(E) ——=D(E) —Z=T(TM) ——=0

@1 : L = A() is a morphism of Lie algebras.

11
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Lie algebroids and their representations

Example 2: Atiyah Lie algebroids

PS5 Ma G-principal fiber bundle, g the Lie algebra of G.
Ry : P = P,Ry(p) = p-g, the right action of G on P.

I'(TP) = {X € (TP) /Ry, X = X forall g € G)

L6(P,g) ={v:P — g/v(pg) = Adg10(p) for all g € G}
Both are Lie algebras and C® (M )-modules.
['c(TP) = m.-projectable vector fields in T'(TP) =» . : [g(TP) — T'(TM).
1:T'g(P,g) = I'c(TP) defined by 1(v), = v(p)@,

(g > v — o fundamental vector field on P).

S.E.S. of Lie algebras and C* (M )-modules:

TTx

0——=T6(P,g)——Tc(TP) [(TM) 0

I'c(TP) is the transitive Atiyah Lie algebroid associated to P
The representations of I'6(TP) are given by the associated vector bundles to P.

12
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Lie algebroids and their representations

Example 3: Trivial Lie algebroids

Trivial Lie algebroid = Atiyah Lie algebroid of a trivial principal bundle M X G.
Concrete description in terms of the bundle TM & (M x g):

o C®(M)-module: TLA(M,g) = A=T(TM & (M x g)).

@ Bracket: X @y, Yon = [X,Y]® (X-n—=Y-y+[y.n])

@ Anchor: p(X ®y) = X.

@ Kernel: L = I'(M X g) (section of a trivial bundle).

Proposition

Every transitive Lie algebroid A is locally of the form TLA(U, g)
forid € M open subset.

Trivialization of an Atiyah Lie algebroid I'(TP) «> Trivialization of P.

13
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Differential structures

Differential structures

© Differential structures

14
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Differential structures

Differential forms: general definition

A Lie algebroid, ¢ : A —» D(&) a representation of A on £.

Definition (Differential forms)

For p € N, let Q” (A, £) be the linear space of C*(M)-multilinear antisymmetric
maps AP — T'(&).

Forp = 0,let Q°(A, &) = T'(€).
QA =6h 20 (A, €) is equipped with the natural differential

p+1 )
(dp@) (X1, Xp1) = D () FLH(X)-B(Xn, ... V., Kpra)
i=1
> (CDMR([EL XL E YL Y X )
1<i<j<p+1

@(X)-¢ is the action of the first order diff. op. ¢(X) on ¢ € T'(€).
One has EZ = 0 (since ¢ is a morphism of Lie algebras).

15



Generalized connections and Higgs fields on Lie algebroids, Nijmegen, April 5,2016 Thierry Masson, CPT-Luminy
Differential structures

Differential forms: two examples

E=MXCm=>»T(E) =C®(M).
The anchor map is a representation of A on C®(M) via vector fields.

Definition (Forms with values in C®(AM))

(Q2°(A),dy) is the graded commutative differential algebra of forms on A with values
in C®(M) associated to the anchor as a representation.

0 Ly (T M)——0 a transitive Lie algebroid.

& = L the vector bundle such that L = T'(£).

For X € Aand ¢ € L, define adx (¢) € L such that 1(adx (¢)) = [X, 1(£)]

(adjoint representation of A on £).

Definition (Forms with values in the kernel)

(2°(A,L),d) is the graded differential Lie algebra of forms on A with values in the
kernel L associated to the adjoint representation.

This differential space is a graded Lie algebra and a graded differential module on the graded
commutative differential algebra Q°(A).

16
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Differential structures

Differential forms on trivial Lie algebroids
A = TLA(M, g) a trivial Lie algebroid.

Q°(A) is the total complex of the bigraded commutative algebra Q°(M) ® A°g*.

dqa = d + s with
d: Q" (M)® A°g" — QTH M) ® A\°g"  de Rham differential
s QM) ® A\°g" — Q(M)® A\*Tlg*  Chevalley-Eilenberg differential

Q°(A, L) is the total complex of the bigraded Lie algebra 2°(M) ® A°g* ® g.
d = d + s’ with
s’ the Chevalley-Eilenberg differential on A°g* ® g (for the ad rep.).

Compact notation (23 , (M, g),ﬁm).
This is the model for trivializations of forms on any transitive Lie algebroid.

A Mathematical structure similar to the one used in BRST differential algebras.
=> work in progress to understand possible relations...

17
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Differential structures

Differential forms on Atiyah Lie algebroids

A the Atiyah Lie algebroid of the G-principal fiber bundle P 5 M.

(€27,.(P. g).d) the complex of forms with values in the kernel.

gequ= ({7 @&/ Eeg) c TLA(P,g) =I(TP & (P xg))
is a Lie sub-algebra, which defines a Cartan operation on (€2}, , (P, g), drra).

QA (P.9) gequ,ﬁTLA) the differential graded subcomplex of basic elements.

Theorem (S. Lazzarini, T.M.)
If G is connected and simply connected then
(920:.(P, 9),d) is isomorphic to (3 4 (P, §) g.qu» d1LA)

—> . .(P.g) C QL. (P.g)=Q(P) A9 ®g.

18
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Differential structures

The global picture so far

o Transitive Lie algebroids = s.e.s. of Lie algebras and C* (M )-modules
0 L—>A—L5T(TM) 0

Generalized forms: (2°(A, L), d), graded differential Lie algebra.
=> “Contains” ordinary de Rham calc. on M (basic elements for op. of L).

@ Local description of transitive Lie algebroids and diff. calc. using TLA.
= (M) A\'g"®g,d=d+5).
=> useful for computations and definitions of structures...
@ Representation theory on derivations of a vector bundle.
1 P

0 L A IN(TM) ——0
e H
0——=A(f) —=9(&) —Z=T(TM) ——=0

Principal fiber bundle =» canonical Atiyah Lie algebroid.

19
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Connections and covariant derivatives

Connections and covariant derivatives

© Connections and covariant derivatives
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Connections and covariant derivatives

Ordinary connections

Ny I'(TM)——0 a transitive Lie algebroid.

0 IL

Definition (Connection on a transitive Lie algebroid)

A connection on A is a splitting V : I'(TM) — A as C®°(M)-modules of the s.e.s.
@ v
0152 A5 T (TM)—>0

L

The curvature of V is defined as the obstruction to be a morphism of Lie algebras:
R(X, Y) = [Vx,VY] = V[X,y] € I(L)

V defines o' : A — L (s.e.s. properties) s.t. X = Vx — 100" (X), X € A, X = p(X).
Proposition

One has o’ € Q' (A, L) and ¥ o 1({) = —( for any { € L (normalization on L).

The 2-form RY € Q%(A, L) defined by R¥ (%,2)) = (do")(%,9) + [ (%), " ()]
vanishes when X or%) in (L), and one has 1o R¥ (X,9)) = R(X,Y).

@’ is the connection 1-form associated to V.

21
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Connections and covariant derivatives

Ordinary connections on Atiyah Lie algebroid

TTx

0——=TL6(P,9)—=TLG(TP) L(TM) 0

Proposition (Connections)

Ordinary connection on the Atiyah Lie algebroid = connection on P.
The notions of curvature coincide.

=> This example explains the terminology “ordinary connection”.

The geometric equivalence:
A connection on P defines the horizontal lift I'(TM) — T'g(TP), X +— X".

The algebraic equivalence:

Suppose G is connected and simply connected.

o’ € Q'(P) ® g a connection 1-form on P.

0 € g* ® g the Maurer-Cartan 1-form on G.

By, =0 =0 € Q. (P.g) € Q(P)®A°g"®g s gequ-basic.

It corresponds to the connection 1-form o’ € Q7. (P, g) associated to WP

22



Generalized connections and Higgs fields on Lie algebroids, Nijmegen, April 5, 2016 Thierry Masson, CPT-Luminy
Connections and covariant derivatives

Generalized connections

Definition (Generalized connection)
A generalized connection on a transitive Lie algebroid A is a 1-form & € Q'(A, L).

The curvature of & is the 2-form R = da + 1@,0) € B*(AL).

A generalized connection is an ordinary connection iff @ o ¢+ = —Idy.

Consider a representation of A on &:

0 IS AL > 1(TM) —>0
ST H
0 A(f) ——=D(E) —Z=T(TM) —=0

& defines V : A > D(E) by Vx = ¢(X) + 10 ¢ (D(X)).
This is the covariant derivative on £ associated to .

ﬁx, 69)] - ﬁ[x’@] —1o¢oR(X,D) => V is not a representation in general.

» «

Other terminologies for v: “generalized representation”, “A-connection”...

23
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Connections and covariant derivatives

Generalized connections on Atiyah Lie algebroids

TLx

0——=T(P,g)——=TG(TP)

I(TM) 0
To simplify the presentation: suppose G is connected and simply connected.
A generalized connection & on I'c(TP) is a gequ-basic 1-form @g,,, € gy, (P, 9).

Bgee =0+ 9 € (QY(P)®g)®(C(P)@g* ®g).

Proposition (Ordinary versus generalized connections)

Ifp = —0, then @ is an ordinary connection on T'c(TP).
=> o is an (ordinary) connection 1-form on P.

Otherwise, ¢ + 0 measures the deviation of @ from an ordinary connection.
=> ¢ + 0 ~ Higgs scalar fields...

24
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Connections and covariant derivatives

Connections: a summary

@ Ordinary connection on a transitive Lie algebroid = splitting:

o v
0L = AS T (TM)—>0

V=> o’ € Q(A, L) connection 1-form, curvature as a 2-form.

o Generalized connections are any 1-forms @ € Q' (A, L).
=> Covariant derivatives on representations.
=> Notion of curvature.

Ordinary connection = normalized generalized connection:
woit)=—Cforany €L
e For Atiyah Lie algebroids:

o space of ordinary connections on P C space of generalized connections;
o connection 1-forms and curvatures are directly related in Q3; , (P, 9).

25
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The gauge group

The gauge group

© The gauge group
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The gauge group
Gauge group of a representation

Suppose given a representation of a transitive Lie algebroid A on &:
P

0 L———=A [(TM) —=0
| I# H
0 A(f) —=D(E) —Z=T(TM) —=0

Definition (Gauge group of a representation)

The gauge group of £ is the group Aut(€) c A(€) (vertical automorphisms of £).

No (finite) gauge transformation at the level of A (similar situation in NCG).

Any ¢ € L defines an infinitesimal gauge transformation on I'(€) by ¢ — ¢1(€)e.

Definition (Infinitesimal gauge transformations)

An infinitesimal gauge transformation on A is an element & € L.

27
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The gauge group
Gauge transformations

EelLm>»g=e®) =14¢,(8) 4 € Aut(€) C A(€)

@ generalized connection on A, and V its associated covariant derivative on &:
Ve =¢(X) ¢+ ¢r(a(X))e

The first order diff. op. 6‘;}6 =glo Vx o g on & can be written as
Vo = 9(X) 9+ pu@(X)g + pu(dE(X) + [5(X), o + O(E)g

Definition (Infinitesimal gauge variation)
The infinitesimal gauge variation of & induced by ¢ is defined to be d& + [@, &].

=> The infinitesimal gauge variation of the curvature R of & is [R, £].

The gauge principle is implemented on A at the infinitesimal level (indep. of a rep.).
=> Similar to ordinary differential geometry.

28
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The gauge group
Gauge transformations on Atiyah Lie algebroids

Trx

0——=T'6(P,g)——=TG(TP) [(TM) 0

G(P) the gauge group of P (vertical automorphisms of P).

u € G(P) is a G-equivariant map u : P — G, u(p-g) = g 'u(p)g.
o Finite gauge transformations are defined.
o L =TG(P,g) is the Lie algebra of G(P).

o Infinitesimal (usual) gauge transformations are elements in L.

©eQ (P,g)andu € G(P).
Define @*(X) = u™'&(X)u + u™1(X-u) for any X € I'c(TP).
e w4 ¢€ Qiie(’P,g);
@ induced by Vis 6“;
e infinitesimal gauge transformations on @ are induced by ® +— @%;

@ restricts to (ordinary) gauge transformation on ordinary connections...
=> preserves the decomposition »” — 6.

29
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Structures to construct an action functional

Structures to construct an action functional

© Structures to construct an action functional
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Structures to construct an action functional

Metrics on transitive Lie algebroids
All the structures rely on a notion of metric...

Definition (Metric on a Lie algebroid)

A metric on A is a symmetric C**(M)-linear map g : A ®c~(p1) A = C°(M).
g defines a metric h = *g on L given by h(y,n) = g(«(y), «(n)) for any y,n € L.
=>» g is inner non degenerate if h is non degenerate on L.

Proposition (C. Fournel, S. Lazzarini, T.M.)
An inner non degenerate metric g on A is equivalent to a triple (g, h, V) where
@ g is a (possibly degenerate) metric on M;
@ h is a non degenerate metric on L;
e V is an ordinary connection on A, with & € Q' (A, L) its connection 1-form;

° 9(X,9) = g(p(X), p(Y)) + h(a(X), ®())-
@ g(Vx,u(y)) =0 foranyX € I'(TM) andy € L.

Given g, look at @ as a background connection...

31
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Structures to construct an action functional

Integration along the kernel

V a connection on A, © € Q!(A, L) its connection 1-form.
h a metric on L.

Suppose L is orientable where L = I'(£) (=» A is called inner orientable),
let n = rank(£).
Proposition (Volume form along L and inner integration)

h and & define a global form in Q°*(A) of maximal degree in the L direction.

This volume form defines integrations

f :Q°(A) - Q" (M) f QA L) - QT (M, L).
inner inner
They do not depend on V.

=> After integration, only geometrical structures (de Rham).

32
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Structures to construct an action functional

Integration on A

Suppose also that M is orientable (=» A is called orientable) and g non degenerate.

Definition (Integration on A)

Using g, the integration on A of a form @ € Q°(A) is defined by

fw—ff o € C.

Definition (Scalar product of forms)

The scalar product of any 2 forms @1, @2 € 2°(A, L) is defined by
@1.02 = [ h@1.32) €
A

33
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Structures to construct an action functional

Metrics: a summary

A non degenerate metric g = (g,h, V), with V & & € Q1(A, L), gives us:
@ h=>» scalar product on L;
@ h, o =» integration along L;

@ g=> integration on M;

g, h, & =» integration on A;

g, h, & =» Hodge star operator (straighforward to define)
*: QP (A L) —» Q" T"P(A L)

34
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Gauge theories

Gauge theories

© Gauge theories
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Gauge theories

Gauge invariant action
A orientable transitive Lie algebroid, g = (g, h, V) non degenerate metric.
Suppose h is a Killing metric: h([£,y],n) + h(y, [é,n]) = 0 for any y,n, & € L.
& € Q'(A, L) a connection on A and R its curvature 2-form.

Proposition (C. Fournel, S. Lazzarini, T.M.)

The action functional
SGauge [6’5} = (E, *§> = f h(ﬁ, *ﬁ)
A

is invariant under infinitesimal gauge transformations in L.

Example (Atiyah Lie algebroid)

A the Atiyah Lie algebroid of a G-principal fiber bundle P.

h induced by the Killing form on g (semisimple).

@ any generalized connection =» Sgauge[@] is G(P)-gauge invariant.

@ an ordinary connection on A =» Sgauge|®] is the ordinary Yang-Mills action.

Possible to define Spatter [, @] for ¢ € T'(£) where A — D(€) is a representation of A.

36



Generalized connections and Higgs fields on Lie algebroids, Nijmegen, April 5, 2016 Thierry Masson, CPT-Luminy
Gauge theories

Decomposition of a connection

o € QY(A, L) a generalized connection on A.

7 € End(£L) defined by
T=0wo1+1d;].

7 vanishes iff @ is an ordinary connection on A
=>» measures the “non Yang-Mills” part (Higgs scalar fields).

A 7 is not a Lie morphism.
g = (9,h,V) metric with V & & € Q1(A, L).

Proposition

0=+ 1(0) € Q(A, L) is an ordinary connection on A.
The induced infinitesimal gauge action of L is the one on ordinary connections.

g = (g9,h,V) decomposes any connection @ on A as:
@ <> (w,7) ordinary connection on A + algebraic object on L

@ ordinary connection =» 7 = 0 =» v = @.
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Gauge theories

The total action functional
Using the decomposition & <> (o, 7):
SGauge [©] + SMatter [, @] = (1) Yang-Mills like term for w
2) covariant derivative for 7 along w

=(1)
(2)
(3) potential for 7
(4) covariant derivative for ¢ along ©
(5)

5) coupling ¢ & T

The potential (3) can vanish for r # 0.
A development around a solution 7y # 0 induces:

@ A mass term for the ordinary connection w in (2).
@ A mass term for ¢ in (5).

=>» Massive bosons (w) coupled to massive particles (¢).
=> Yang-Mills-Higgs type gauge theory.
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Conclusion
Why Higgs fields?

A pattern for Yang-Mills-Higgs gauge field theories (on “ordinary space-time”):

Algebraic| inclusion Global projection [ Geometric
— —
Structure Structure

Structure

Generalized connection

l O=w+T l
T = scalar fields o =~ Yang-Mills fields
|—> Spontaneous symmetry breaking — |
Transitive Lie algebroids: 0 L A I'TM) —0
NCG: 1 Inn(A) Aut(A) — Out(A) — 1

Francois, J., Lazzarini, S., and Masson, T. (2014). “Gauge field theories: various mathematical approaches”.
In: Mathematical Structures of the Universe. Ed. by Eckstein, M., Heller, M., and Szybka, S. J. Krakow,
Poland: Copernicus Center Press, pp. 177-225
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Conclusion

Conclusion

(Geometric) Gauge field theories can be generalized in at least two directions:

o Noncommutative Geometry
o Transitive Lie Algebroids.

@ Same pattern: add some purely algebraic directions to space-time.
=>» Yang-Mills-Higgs type gauge theories.

Gauge theories on Atiyah Lie algebroids are close to Yang-Mills gauge theories.

o They contain ordinary gauge theories used in physics.
o They share common mathematical structures.
e No restriction on the gauge group.

A lot more to investigate:

o Relation to BRST structures...
o Construction of realistic models...

o Relation with “dressing field” method elaborated in
Fournel, C., Francois, J., Lazzarini, S., and Masson, T. (2014). Gauge invariant composite fields
out of connections, with examples. Int. J. Geom. Methods Mod. Phys. 11.1, p. 1450016

o Here, generalization of Ehresman’s connections:
=>» we investigate generalization of Cartan’s connections
(used in gravitational and conformal theories).
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Additional material

Trivialization of transitive Lie algebroids

[} P

0 L A I'(TM)——=0 a transitive Lie algebroid.
A local trivialization of A is a triple (U4, ¥, VV) where

@ U is an open subset of M;

o W :I'(U x g) — Ly = isomorphism of Lie algebras and C*(1/)-modules;

e VY :I'(TuU) —» Ay = injective morphism of Lie algebras and C*(/)-modules
compatible p;

o [VS,10U(y)] =10 ¥(Xy) forany X € I'(TU) and any y € I'(U X g).

S(X@®y) =V + 10 U(y) is a isomorphism of Lie algebroids S : TLA(/, g) S Ay.
Atlas for A = family of local trivializations {(U;, ¥;, V®?)};c; with U;e; U = M.
X € Ais decomposed as X' @ y’ € TLA(U;, g) such that S; (X' @ y') = Xy,

The X*’s are the restrictions to ¢/; of the global vector field X = p(X).

OniU;; =U; NU; # @ one can define a]l: =0t o0, : U;; — Aut(g).

i
Ayi; € Q' (U;;) ® g such that y' = a}(yj) + xij(X).
Cocycle relations:

j i

a,’;:a}oorl’c “joai:[d Xik:a;OXijr)(ij OC;O)(jiJr)(ij:O

1
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Additional material

Trivialization of differential forms

0 —tsaA-2 I'(TM)——0 a transitive Lie algebroid.

{(U;, V;, V%) }ier a Lie algebroid atlas for A.
» € Q4(A, L) => family of local g-forms o € Q1 (U}, g)
wloc =VUilowos;

s/ =571 08, : TLA(Uy;, §) — TLA(Ujj, g) = isomorphism of TLA.

10

J ] .
Z)?j Qf Uiy, g) - QL , (Ui, 9) defined by a} (w loC) =ajo ol os].
Proposition

o A family of local forms wli € Q;LA(ui, g) is a system of trivializations of a global
formw € Q°(A, L) if and only if @} (w i

loc) =w] onanylU;j # @.

@ Forany w € Q°*(A, L) trivialized onU as wy,, one has HTLAa)loc =Ulo (Ha)) oS

° Etji s A Uij. 8) = Q3 A (Uij, ) = isomorphism of grad. diff. Lie algebras.
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Additional material

Local mixed basis

g the Lie algebra fiber of £ where L = I'(£), U € M open subset which trivializes A.
{Ea}1<a<n basis of g, {60%}1 <q<n dual basis of g*.
€A L) and Gy € QI;LA (U, g) its local description:

= —~0 . 5 = .
Wloe = Z Oppypray...ag @A ADXFTAGDN - ANO 0 a6 UG
r+s=p

A 0¢ is not convenient =» inhomogeneous transformations!

V ordinary connection on A, @ its connection 1-form

= Ol = (A — 0%)E, with A% € QY (U) ® g,

=> the ®* = A% — 0% € O], , (U) define the mixed basis in Q1 , ().
Then one can write

Dloe = Z Ouy . pray...as PN AdXFTAQMA - A, Dpy pray..as U > 8
r+s=p

Proposition (Homogeneous transformations)

The &y, ...pyay...as 'S have homog. transf. in a change of local trivializations.

s
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Additional material

Integration along the kernel

U C M an open subset which trivializes A. {E,} basis of g, {6} dual basis of g*.

V a connection on A, & € Q!(A, L) its connection 1-form.

= 0% = A - 0% € Q1. , (U) mixed basis in O, , ().

h a metric on L.
hioe = trivialization of h over U, hqp = hioc(Eq, Ep) € CO(U), |hioel = | det(hgp ).

Suppose L is orientable where L = I'(£) (A is called inner orientable),
Proposition (Volume form along L and inner integration)
ah,d’) loc = (_1)n V lh1oc] (:)lloc/\ T /\C:)lr:)c

defines a global form &y, ; € Q°(A) of maximal degree n = dim g in the L direction.

This volume form defines integrations

f L QA L) - Q" (M, £) f L 0°(4) = QM (M),
They do not depend on V.
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Additional material

Hodge star operator

A an orientable transitive Lie algebroid.
g = (g9,h,V) ametric on A, & the connection 1-form of V.

o € QP (A, L), written locally as
5loc = Z a,ul...,u,al...asdx‘ul/\ e AT AT - A%

r+s=p
*Wloc € Q?Lj&mp (U, g) is defined by (usual notations)
*Bioe = Y (-1 - o \ig] &
loc = gl locIVIGl Ouy .. pray...as €vy...vy €by...by
R Is!

X g,u1V1 50 .gPrVr Rabr LU pashs aVrti A oo Adx M AGPSTIA - AOPR

Proposition (Hodge star operator)

The map % : QP (A, L) — QM T"P (A, L) is well defined globally.

This is the Hodge star operator associated to g on A.
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Additional material

Gauge transformations on Atiyah Lie algebroids

Suppose G is connected and simply connected.
@ € O (P, g) => Bg,p, € Upa(P,9), Gequ-basic.

The gauge action & — @" induces
= = -1 3 -1 1
wgequ = uwgequu + udTLAu € QTLA(P’ g)
where _
udraut =udu ' +ubut -0

(6 = Cartan 1-form)
Notice that ufu™! — 0 = u[0,u!] is more or less “s” applied to u.

Proposition (Ordinary gauge transformations)

If@g,,, = @ — 0 is an ordinary connection on T'c(TP), this action reduces to the usual

gauge transformation " +— uw”u™" + udu™" on the (ordinay) connection 1-form " .
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Additional material

Decomposition of a connection
o € Q1(A, L) a generalized connection on A.

Definition (Reduced kernel endomorphism)
The reduced kernel endomorphism 7 € End(£) associated to & is defined by
T=owoi+1d;.

7 vanishes iff @ is an ordinary connection on A
=>» measures the “non Yang-Mills” part.

7 is not a Lie morphism. Define R, (y,n) = [t(y),7(n)] — ([y, n]) for any y,n € L.

Let @ € Q'(A, L) be a fixed ordinary connection on A (“background connection”).

Theorem

© € QY(A, L) a connection and t its reduced kernel endomorphism.
w=0o+1(0)

is an ordinary connection on A.

The induced infinitesimal gauge action of L is the one on ordinary connections.

o ordinary connection =» 7 = 0 =» v = @.
=> @ only relevant for connections which are not ordinary connections.
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Additional material

Decomposition of curvature and covariant derivative
@ = @ — 7(&) connection on A.

V,V :T(TM) — A the splittings associated to the ordinary connections o, .
RRe0? (M, L) the curvature 2-forms of &, w.

F=R-70ReQ*M,L)=> p*F € Q%(A,L).

For X € I'(T M), define Dxt € End(L) by, for any y € L,

(Dx7)(y) = [Vx.7(y)] = 7([Vx. y]) => (p"D1) 0 &> € Q*(A, L).

V¢ the (ordinary) covariant derivative induced on & by the (ordinary) connection .
For any ¢ € I'(€), one has p*¢(V)-¢p = p*V&o.

Proposition (Decomposition of the curvature and the covariant derivative)

The curvature R € Q2(A, L) of @ can be decomposed as
R=pF-(p’Pr)od+R; 00

The covariant derivative §5q0 € OY(A, ) can be decomposed as
Vép = p"$(V)-0— (pr(r)p) 0 &

Under infinitesimal gauge transformations, each term has homog. transf.

“o¢)” = along the mixed basis and “p*” = along I'(TM).
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Additional material

Coupling to matter fields
Matter fields are sections ¢ € I'(£) of a representation ¢ : A — D(&) of A.

Definition (¢ -compatible metric)

A metric h€ on € is ¢, -compatible if

hE ($1(&)p1, 92) + hE (@1, $1(€)@2) = 0
for any ¢y, ¢2 € I'(€) and any € € L.

Generalization of “Killing metric”.
One can define a Hodge star operator on 2°(A4, £).

& connection on A and V¢ the induced covariant derivative on I'(£).

Proposition

The action functional
= E (g€ vé
SMatter[¢» @] = f h® (VE @, %V )
A
is invariant under infinitesimal gauge transformations in L.
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Additional material

Decomposition of the action functional

@ connection on A, ¢ € I'(€) matter field.
S[(p’ ZJ] = SGauge [a] iy SMatter[QD, 63] total action functional
g=(9.h, V), withV & & € Q*(A, L), metric on A.

The decomposition @ = w — 7(w) induces the decomposition:

Slp, 0] = (p*F,xp*F) (1) spatial term: Yang-Mills like
+{(p*Dr1) 0 0, *(p*Dr1) 0 @) (2) mixed term: covariant derivative of 7
+(R; o @, *R; o ®) (3) algebraic term: potential for ¢
+ (P d(V)-0, %xp"$(V)-) (4) spatial term: covariant derivative of ¢

+ ((¢r(7)@) 0 @, *x(Pr(t)@) 0 @) (5) algebraic term: coupling ¢ &
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